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Abstract. We provide a class of orbits in the curved TV-body prob- 
lem for which no point that could play the role of the centre of mass is 
fixed or moves uniformly along a geodesic. This proves that the equa- 
' tions of motion lack centre-of-mass and linear-momentum integrals. 

CO ' 

^ ■ 1. Introduction 

(N; 

The importance of the centre-of-mass and linear-momentum integrals in 
the classical iV-body problem and its generalization to quasihomogeneous 
potentials, [3J, is never enough emphasized. From integrable systems, to 
the Smale and Saari conjectures, [30], [37], to the study of singularities, 
r£*. [3], [10], these integrals have played an essential role towards answering 

d \ the most basic questions of particle dynamics, in general, and celestial 

mechanics, in particular. But they seem to characterize only the Euclidean 
space. Away from zero curvature, they disappear, probably because of the 
symmetry loss that occurs in the ambient space. We will show here that 
they don't exist in the curved iV-body problem (the natural extension of 
the Newtonian iV-body problem to spaces of constant curvature). 

This note follows from a discussion we had with Ernesto Perez-Chavela 
and Guadalupe Reyes Victoria of Mexico City. Given the absence of the 
above mentioned integrals in discretizations of Einstein's field equations, 
such as those of Levi-Civita, [23], [23], Einstein, Infeld, Hoffmann, |13j . 
and Fock, [H], we had taken this property for granted in the curved N- 
body problem. But as we could not immediately support this claim with 

l 
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a counterexample, our colleagues asked if there might always exist centre- 
of-mass-like points in the 3-sphere, S> 3 , and the hyperbolic 3-sphere, H 3 , 
i.e. space points that are either at rest or move uniformly along geodesies 
during the motion of the particles, as in the classical case. 

All the examples that came to mind had centre-of-mass-like points (see 
Section 3), so the property we had taken for granted wasn't obvious. 
Therefore we began to seek orbits that failed to exhibit this feature. But 
before presenting the outcome of our attempts to answer this question, 
we need to lay some background. 

The curved TV-body problem has its roots in the work of Janos Bolyai, 
[2], and Nikolai Lobachevsky, [28]. These co-founders of non-Euclidean 
geometry proposed, independently of each other, a 2-body problem in 
hyperbolic space for which the attraction is proportional to the area of 
the sphere of radius equal to the hyperbolic distance between the bodies. 
In 1870, Ernst Schering showed that a potential involving the hyperbolic 
cotangent of the distance agrees with this law, [31]. Wilhelm Killing ex- 
tended this idea to the sphere S 3 by taking the circular tangent of the 
spherical distance, [IB], [H]. The topic began to attract more attention 
after Heinrich Liebmann proved two properties that agreed with the clas- 
sical Kepler problem: the potential is a harmonic function in 3-space and 
every bounded orbit is closed, pQ, [25], [26], [2?]. Then Ernest Schrodinger 
and his followers exploited these ideas at the quantum level, [33], [16], |17j . 
Starting with the 1990s, the Russian school of celestial mechanics further 
developed the 2-body case, [21], [22], [M], [35], [36]. 

In some recent work, we generalized the Schering-Killing potential to 
any number iV > 2 of bodies, [I], 0, [6], [7], [8J, [9], [TU], [II], and 
used the results obtained there to argue that, for distances comparable to 
those of our solar system, the geometry of the physical space is Euclidean. 
Our method exploited the connection between geometry and dynamics, 
thus going beyond Gauss's attempt to determine the nature of the phys- 
ical space through topographic measurements. For more details on this 
subject and an extensive bibliography, see [6], [7]. 

In this note we prove that, for a certain class of solutions of the curved 
iV-body problem in § 3 , there are no centre-of-mass-like points. In other 
words, we show that forces cannot keep any such point at rest or make it 
move uniformly along a great circle of § 3 , results that occur in Sections 
[5] and O For positive curvature, our choice of S 3 is not restrictive since 
a suitable coordinate and time-rescaling transformation makes the curva- 
ture parameter vanish from the equations of motion, [6], [12]. In Section 
[2] we introduce these differential equations and the known integrals of 
motion, in Section [3] we give examples of orbits with centre-of-mass-like 
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points, and in Section H] we set the geometric background, necessary for 
understanding the orbits we describe in Sections and O 

Unfortunately, a similar example in H 3 still eludes us, and we don't 
know the size of the set of orbits that have centre-of-mass-like points in 
§ 3 or H 3 , but expect it to be negligible from both the measure theoretical 
and the topological point of view. So apart from the result presented 
in this note, which proves the non-existence of these integrals for posi- 
tive curvature, the issue my colleagues raised leads to several interesting 
questions, all of which still await answers. 

2. Equations of motion 

Consider N point particles (bodies) of masses mi, . . . ,mjv > moving 
in S 3 (thought as embedded in the Euclidean space 1R 4 ) or H 3 (thought 
as embedded in the Minkowski space IR 3,1 ), where 

§ 3 = x , y, z) | w 2 + x 2 + y 2 + z 2 = 1}, 

H 3 = {(w, x, y, z) | w 2 + x 2 + y 2 - z 2 = -1, z > 0}. 

Then the configuration of the system is described by the AN- dimensional 
vector 

q = (qi, . . . ,qjv), 

where q^ = (u)i,Xi,yi, zi),i = 1,N, denote the position vectors of the 
bodies. The equations of motion are given by the second-order system 

N r , \ -I 

^ _ . = ^ 

[a - cr(qi qj-) 2 f I 1 

with constraints 

(2) ^ q ; = ct, ^ © ^ = 0, % = 1, N, 

where is the standard inner product • of signature (+, +, +, +) in § 3 or 
the Lorentz inner product □ of signature (+, +, +, — ) in H 3 , and 

f + 1, in § 3 , 
1-1, in H 3 , 

denotes the signum function, [6], [7]. System ([T|) has dimension QN. The 
force acting on each body has a gravitational component (the above sum) 
and a term (involving the velocities) that corresponds to the constraints. 

As a consequence of Noether's theorem, system (CQ) has the scalar inte- 
gral of energy, 

T( q ,q)-U(q)=h, 
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is the force function (-U representing the potential), 




i=l 



is the kinetic energy, with h representing an integration constant; and the 
6-dimensional integral of the total angular momentum, 



where A is the wedge product and c = (c wx , c wy , c wz , c xy , c xz , c yz ) denotes 
an integration vector, each component measuring the rotation of the sys- 
tem about the origin of the frame relative to the plane corresponding to 
the bottom indices. 

But it is far from clear whether the centre-of-mass and linear-momentum 
integrals exist for system ([T]). In Euclidean space, these integrals are ob- 
tained by showing that ^2 i=1 = 0. This identity is not satisfied in the 
curved iV-body problem because -k Y2i=x where M = mi + - ■ -+m N , 

does not even belong to § 3 or H 3 . However, it may be possible that there 
are points in § 3 or H 3 that behave like a centre of mass, i.e. the forces act- 
ing on them cancel each other within the manifold or make those points 
move uniformly along a geodesic. The next section will provide a couple 
of examples in which such centre-of-mass-like points exist. 



The orbits with centre-of-mass-like points we will further present are 
the Lagrangian elliptic relative equilibria of equal masses in § 3 and the 
Eulerian hyperbolic relative equilibria of equal masses in H 3 . More exam- 
ples having this property can be found in [5J, [7]. 

3.1. Lagrangian elliptic relative equilibria in § 3 . A straightforward 
computation shows that for N = 3, a = 1, and mi = vri2 = m-^ =: m, 
system ([!]) has orbits of the form 



N 




i=l 



3. Orbits with centre-of-mass-like points 



(3) 



q = (qi, q2, qs), q* = K> x i} y i} zj, i = 1, 2, 3, 
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wi(t) = r cos cut, 
yi(t) = y (constant), 
w 2 (t) = r cos(uut + 2ir/3), 
y2(t) = y (constant), 
W3(t) = r cos(uut + 47r/3), 
2/3 (t) = y (constant), 



xi(t) = r sin out, 
zi(t) = z (constant), 
x 2 (t) = rsm(ut + 27r/3), 
z 2 (t) = z (constant), 
x^it) = r sin(o;t + 47r/3), 
z 3 (t) = z (constant), 



with r 2 + y 2 + z 2 = 1, r G (0, 1), and 



8m 



v /3 r 3( 4 _ 3r 2)3/2- 



These are Lagrangian elliptic relative equilibria, i.e. orbits for which the 
bodies lie at the vertices of a rotating equilateral triangle, such that the 
mutual distances between bodies remain constant during the motion. The 
forces acting on points of the form q = (0, 0, t/o, ^o) £ §> 3 , i-e. with y 2 + 
z 2 = 1, cancel each other within S 3 . Moreover, the spherical distance, d§3, 
from q to mi,m 2 , and m 3 is the same: 

4 3 (qo, Qi) = cos _1 (q • qi) = cos _1 (j/ 2/ + z oz), i = 1, 2, 3. 

Therefore all these points (infinitely many) are centre-of-mass-like. The 
condition that the masses are equal is sharp: such equilateral orbits don't 
exist if the masses are distinct, but it can be shown that orbits of nonequal 
masses exist for scalene triangles, [5]. 

If we restrict the motion to the great 2-sphere 



then there are only two centre-of-mass-like points, the north pole (0,1,0,0) 
and the south pole (0, —1,0,0) of S 2 . Nevertheless, the situation is still 
different from the Euclidean case, where the centre of mass is unique. 

3.2. Eulerian hyperbolic relative equilibria in HI 3 . A straightfor- 
ward computation shows that for N = 3, a = —1, and mi = m 2 = m 3 =: 
m, system ([T]) has orbits of the form 

(4) q = (qi, q 2 , q 3 ), q^ = {w h x h y h Zj), % = 1, 2, 3, 

w\ =0, x\ = 0, y\ = sinh/3t, z\ = cosh (3t, 

w 2 = 0, x 2 = x (constant), y 2 = r/sinh f3t, z 2 = r\ cosh (3t, 

W3 = 0, X3 = —x (constant), 2/3 = r/sinh f3t, z 3 = r\ cosh f3t, 
with x 2 — r] 2 = — 1, 77 > 1, and 



S 2 w = {(0,x,y,z) \x 2 + y 2 + z 2 = 1}, 



B 2 



1 + 4?7 2 



Arj 3 (r] 2 - I) 3 / 2 ' 
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These are Eulerian hyperbolic relative equilibria, orbits lying on a geodesic 
of H 3 that rotates hyperbolically, which means that the mutual distances 
between bodies remain constant during the motion. 

Points of the form q* = (w», 0, sinh/3t, cosh (3t), with w 2 —p 2 = — 1, 
move uniformly along the geodesic w = w*, x = in H 3 . The hyperbolic 
distance, c? H 3, between q* and mi is constant along the motion because 

d H 3(q*, qi) = cosh - (— q* □ qi) = cosh -1 p*. 

The same holds for the distance between q* and m 2 or m 3 , 

dn3(q*, qi) = cosh -1 (-q* □ q^) = cosh -1 r/p^, i = 2, 3. 

Consequently q* is centre-of- mass-like. For w* = 0, which yields p* = 1, 
the point q* overlaps with mi. This fact shows that when we restrict the 
motion to the great hyperbolic 2-sphere, 

H 2 w = {(0,x,y,z) \x 2 + y 2 -z 2 = -l}, 

there is only one centre-of-mass-like point, which is identical to m\. 

4. Complementary circles in S 3 

In order to produce a class of orbits with no centre-of-mass-like points, 
we will introduce the following geometric concept. Two great circles C\ 
and C2 of two distinct great 2-spheres of S> 3 are called complementary if 
there is a coordinate system in which they can be represented as 

C\ = {(w, x,y,z) I w = x = and y 2 + z 2 = 1}, 

C2 = {(w, x,y, z) I y = z = and w 2 + x 2 = 1}. 

In topological terms, C\ and C2 form a Hopf link in a Hopf fibration, 
which is a map 

H : § 3 — > S 2 , h(w, x, y, z) = [w 2 + x 2 — y 2 — z 2 , 2(wz + xy), 2(xz — wy)) 

that takes circles of S 3 to points of S> 2 , [15], [29]. In particular, H(Ci) = 
(1, 0, 0) and "H(C 2 ) = (—1, 0, 0). Using the stereographic projection, it can 
be shown that the circles C\ and C2 are linked (like the adjacent rings of 
a chain), hence the name of the pair, [29|. 

The spherical distance between two complementary circles is constant. 
Indeed, if a = (0, 0, y, z) G C\ and b = (w, x, 0, 0) G C2, then a ■ b = 0, so 
d§3(a, b) = 7r/2. This unexpected fact turns out to be even more surprising 
from the dynamical point of view: the magnitude of the gravitational force 
(but not its direction) between a body lying on a great circle and a body 
lying on the complementary great circle is the same, no matter where the 
bodies are on their respective circles. 
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5. Non-existence of linear-momentum and centre-of-mass 

integrals 

We can now construct an example in the 6-body problem in § 3 in which 
three bodies of equal masses move along a great circle at the vertices of an 
equilateral triangle, while the other 3 bodies of masses equal to those of 
the previous bodies move along a complementary circle of another great 
sphere, also at the vertices of an equilateral triangle. So take the masses 
m i — m 2 — m 3 — m 4 — m 5 — m 6 ='■ m > and the frequencies a, (3 ^ 0, 
which, in general, are distinct, a ^ (3. Then a candidate for a solution as 
described above has the form 





(qi,q2,q3,q4,q5,qe) : 


q.i = (w i: 


i x i , y% , Z{ ) , 


% — 1, 6 




= cos at, 


Xi 


= sin at, 




in 


= 0, 


Zl 


= 0, 




w 2 


= cos(at + 27r/3), 


■r-2 


= sin(a;t - 


H2tt/3), 


2/2 


= 0, 


~2 


= 0, 




W 3 


= cos(at + 47r/3), 


x 3 


= sin(at - 


f-4vr/3), 


2/3 


= 0, 


Z3 


= 0, 




Wi 


= 0, 


•>'l 


= 0, 




2/4 


= cos fit, 


Za 


= sin fit, 






= 0, 


%5 


= 0, 




2/5 


= cos(/3t + 2tt/3), 


Z5 


= sin(/3t + 27r/3), 


Wq 


= 0, 


X 6 


= 0, 




2/6 


= cos(/3t + 4tt/3), 


~6 


= sin(/3t + 4tt/3). 



For t — 0, we obtain a fixed-point configuration, q(0), specific to S> 3 , in 
the sense that there is no 

W\ = 0, X\ 

1 

w 2 = --, x 2 
1 

U>3 = -77> x 3 
W4 = 0, £4 

w 5 = 0, x 5 
w 6 = 0, x 6 



2-sphere that contains it: 

= 1, yi= 0, z 1 = 0, 

= — , 2/2 = 0, z 2 = 0, 



y 3 = 0, z 3 = 0, 



2 

V3 
2 ' 

0, ?/4 = 1, z A = 0, 

n 1 ^ 

n 1 ^3 

0, 2/6 = ^6 = — g - . 
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A long but straightforward computation shows that (j5J) is solution of 
system (JTJ for N — 6, a — 1, and any a, /3 7^ 0. If a and (5 are rational 
multiples of 2ir, a set of frequency pairs that has measure zero in M 2 , the 
corresponding orbits are periodic. But in general a//3 is a irrational, so 
the orbits are quasiperiodic. The angular momentum constants are 

Cwx StYICX 7~ 0, Cyz 3?7Z/3 7~ 0, C W y C wz C X y C xz 0; 

which means that the rotation of the system takes place around the origin 
of the coordinate system only relative to the planes wx and yz. 
We can now state and prove the main result of this note. 

Proposition 1. For a solution (j3j) of system ([!]), with N = 6, a = 1, 
and a//3 irrational, there is no point in S> 3 such that the forces acting on 
it vanish in S 3 or make it move uniformly along a geodesic. 

Proof. A solution (j3J) of system (pQ) can be viewed as obtained from the 
action of an element of the Lie group 50(4) on the fixed-point configu- 
ration q(0). Without loss of generality, we can choose a suitable basis to 
give this element of the group the matrix representation 

/ cos jt — sin yt \ 

/„x . _ sin7t cos7t 

cos^t -sin5t ' 

\ sin St cos 5t J 

with 7, 5 compatible with a, ft ^ 0. Then the matrix A rotates all the 
points of § 3 , including the bodies mi, . . . , m®, such that the latter form a 
solution of the equations of motion. 

The only point of M 4 that stays put under the action of A, when 7,5^0, 
is the origin, 0, of the coordinate system. But ^ S 3 , so no point in S 3 
stays fixed. 

We still need to prove that no candidate for a centre-of-mass-like point 
of this 6-body problem can move uniformly along a geodesic of S> 3 under 
the action of A. For this purpose, consider a point qo = (tDo,Po, t)o,3o) in 
S 3 . Then the components of the vector Aq^, where the upper T represents 
the transposed, are: 

tv(t) = too cos7t — y sin7t, = ro shi7t + p cos7t, 

rj(t) = rjo cos 5t — 30 sin St, 3(t) = rjo sin St + 30 cos St. 

But since 7 and S are compatible with a and 0, we have 

K>(t) = r cosat, = r sinat, rj(t) = po cos (3t, lit) = posin/3t, 

where r = (tug + ll) l/2 and p = (t)jj + 3o) 1/2 ; with r o + Po = !■ 

To determine when the curve q = (tn, p, rj, 3), described by the point 
(too, Po; Ooj 3o) under the action of A, describes a geodesic, it is necessary 
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that the point moves on a great sphere of S> 3 , i.e. the function q that draws 
the trajectory satisfies the conditions 

ra 2 + f + rj 2 + a 2 = 1 and Aw + By + Crj + Di = 0, 

where not all the real coefficients A, B, C, D are zero. The first condition, 
which asks that q lies in § 3 , is obviously satisfied. The second condition, 
which requires that q lies in a hyperplane passing through the origin of 
the coordinate system, translates into 

Atq cos at + Br sin at + Cpo cos fit + Dp sin (3t = 0. 

Since a/fi is not rational, the above equality holds for all t only if 

r (A cos at + B sin at) = po (C cos (3t + D sin (3t) = 0, 

which is equivalent to either 

(i) r = and C = D = or 

(ii) po = and A = B = 0. 

As r = implies w = x = and p — 1, and p = implies y — z o — 
and ro = 1, the trajectory q of qo under the action of A can be either in 
agreement with (i) or with (ii), but not with both, i.e. q(i) has the form 

/ \ / cos at\ 

sin at 

cos (3t 

^sm(3tj \ J 

Therefore the only geodesies lying on great spheres that remain invariant 
(globally, not point-wise) under the action of A, with 7,5^0, are the 
complementary great circles 

d = {(0, 0, y, z)\y 2 + z 2 = 1} and C 2 = {(w, x, 0, 0) | w 2 + x 2 = 1}. 

Any point moving uniformly on C\ is equidistant from any point of C2, 
so it could act like a centre of mass for the bodies rotating on C2, but 
it does not qualify as a centre of mass for the bodies rotating on C\, so 
it cannot be a centre of mass for the entire system. The same is true if 
the roles of C\ and C2 are interchanged. Since no other points rotate on 
geodesies, these remarks complete the proof. □ 

6. A CLASS OF COUNTEREXAMPLES 

The example presented in Section 5 can be extended to a larger class 
of orbits with no centre-of-mass-like points. Consider first the (N + M)- 
body problem (with N, M > 3 and odd) of equal masses, in which iV 
bodies rotate along a great circle of a great sphere at the vertices of a 
regular iV-gon, while the other M bodies rotate along a complementary 
great circle of another great sphere at the vertices of a regular M-gon. 
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The same as in the 6-body problem discussed above, the rotation takes 
place around the origin of the coordinate system only relative to two out 
of six reference planes. The condition that N and M are odd is imposed 
to avoid antipodal configurations, which introduce singularities, jl], |10j . 
The existence of the orbits we just described follows from [5], [6], [7]. 
The mass-equality condition can be relaxed, a case in which the polygons 
are not regular anymore. For suitable polygonal shapes and well chosen 
masses, we can also eliminate the condition that M and N are odd. The 
non-existence proof given in Proposition 1 works similarly in the general 
case. Consequently the above class of orbits covers any finite number of 
bodies, and shows that, in the curved iV-body problem in S 3 there are no 
centre-of-mass and linear-momentum integrals. 

Acknowledgment. The research presented in this note was supported 
in part by a Discovery Grant the author received from NSERC of Canada. 

References 

[1] J. Bcrtrand, Theoreme rclatif au mouvement d'un point attire vers un centre fixe, 

C. R. Acad. Sci. 77 (1873), 849-853. 
[2] W. Bolyai and J. Bolyai, Geometrische Untersuchungen, Hrsg. P. Stackel, Teub- 

ner, Leipzig-Berlin, 1913. 
[3] F. Diacu, Near-collision dynamics for particle systems with quasihomogeneous 

potentials, J. Differential Equations 128, 58-77 (1996). 
[4] F. Diacu, On the singularities of the curved n-body problem, Trans. Amer. 

Math. Soc. 36, 4 (2011), 2249-2264. 
[5] F. Diacu, Polygonal nomographic orbits of the curved n-body problem Trans. 

Amer. Math. Soc. 364 (2012), 2783-2802.. 
[6] F. Diacu, Relative equilibria in the curved N-body problem, Atlantis Monographs 

in Dynamical Systems, Atlantis Press, 2012 (to appear). 
[7] F. Diacu, Relative equilibria in the 3-dimensional curved n-body problem, 

larXiv:1108. 12291 102 p. 
[8] F. Diacu and E. Perez-Chavela, Homographic solutions of the curved 3-body prob- 
lem, J. Differential Equations 250 (2011), 340-366. 
[9] F. Diacu, E. Perez-Chavela, and M. Santoprete, The n-body problem in spaces 

of constant curvature. Part I: Relative equilibria, J. Nonlinear Sci. (2012), doi: 

10.1007/s00332-011-9116-z. 
[10] F. Diacu, E. Perez-Chavela, and M. Santoprete, The n-body problem in spaces 

of constant curvature. Part II: Singularities, J. Nonlinear Sci. (2012), doi: 

10.1007/s00332-011-9117-y. 
[11] F. Diacu, E. Perez-Chavela, and M. Santoprete, Saari's conjecture for the collinear 

n-body problem, Trans. Amer. Math. Soc. 357, 10 (2005), 4215-4223. 
[12] F. Diacu, T. Fujiwara, E. Perez-Chavela, and M. Santoprete, Saari's homographic 

conjecture of the 3-body problem, Trans. Amer. Math. Soc. 360, 12 (2008), 6447- 

6473. 

[13] A. Einstein, L. Infold, and B. Hoffmann, The gravitational equations and the 
problem of motion, Ann. of Math. 39, 1 (1938), 65-100. 



On the integrals of the curved TV-body problem 



11 



[14] V. A. Fock, Sur le mouvement des masses finie d'apres la theorie de gravitation 

einsteinienne, J. Phys. Acad. Sci. USSR 1 (1939), 81-116. 
[15] H. Hopf, Uber die Abbildungen der dreidimensionalen Sphare auf die Kugelnache, 

Math. Ann. 104 (1931), 637-665. 
[16] L. Infeld, On a new treatment of some eigenvalue problems, Phys. Rev. 59 (1941), 

737-747. 

[17] L. Infeld and A. Schild, A note on the Kepler problem in a space of constant 

negative curvature, Phys. Rev. 67 (1945), 121-122. 
[18] W. Killing, Die Rcchnung in den nichtcuklidischcn Raumformcn, J. Reine Angew. 

Math. 89 (1880), 265-287. 
[19] W. Killing, Die Mechanik in den nichtcuklidischcn Raumformcn, J. Reine Angew. 

Math. 98 (1885), 1-48. 
[20] W. Killing, Die Nicht-Eukildischen Raumformen in Analytischer Behandlung, 

Teubner, Leipzig, 1885. 
[21] V. V. Kozlov and A. O. Harm, Kepler's problem in constant curvature spaces, 

Celestial Mech. Dynam. Astronom 54 (1992), 393-399. 
[22] V. V. Kozlov, Problemata nova, ad quorum solutionem mathematici invitantur, 

Amer. Math. Soc. Transl. 168, 2 (1995), 239-254. 
[23] T. Levi-Civita, The relativistic problem of several bodies, Amer. J. Math. 59, 1 

(1937), 9-22. 

[24] T. Levi-Civita, Le probleme des n corps en relativite generate, Gauthier-Villars, 

Paris, 1950; or the English translation: The n-body problem in general relativity, 

D. Rcidcl, Dordrecht, 1964. 
[25] H. Liebmann, Die Kegelschnitte und die Planetenbewegung im nichteuklidischen 

Raum, Berichte Konigl. Sachsischen Gesell. Wiss., Math. Phys. KlassehA (1902), 

393-423. 

[26] H. Liebmann, Uber die Zentralbewegung in der nichtcuklidische Geometrie, 
Berichte Konigl. Sachsischen Gesell. Wiss., Math. Phys. Klasse 55 (1903), 146- 
153. 

[27] H. Liebmann, Nichteuklidische Geometrie, G. J. Goschcn, Leipzig, 1905; 2nd 

cd. 1912; 3rd ed. Walter de Gruyter, Berlin, Leipzig, 1923. 
[28] N. I. Lobachcvsky, The new foundations of geometry with full theory of parallels 

[in Russian], 1835-1838, In Collected Works, V. 2, GITTL, Moscow, 1949, p. 159. 
[29] D.W. Lyons, An elementary introduction to the Hopf fibration, Math. Mag. 76, 

2 (2003), 87-98. 

[30] D. Saari, Collisions, Rings, and Other Newtonian N-body Problems, American 
Mathematical Society, Regional Conference Series in Mathematics, No. 104, Prov- 
idence, RI, 2005. 

[31] E. Schering, Die Schwerkraft im Gaussischen Raume, Nachr. Konigl. Gesell. 

Wiss. Gottingen 13 July, 15 (1870), 311-321. 
[32] E. Schering, Die Schwerkraft in mehrfach ausgedchnten Gaussischen und Ricm- 

manschen Raumcn, Nachr. Konigl. Gesell. Wiss. Gottingen 26 Fcbr., 6 (1873), 

149-159. 

[33] E. Schrodingcr, A method for determining quantum-mechanical eigenvalues and 
cigenfunctions, Proc. Royal Irish Acad., Sect. A 46 (1940), 9-16. 

[34] A.V. Shchepetilov, Reduction of the two-body problem with central interaction on 
simply connected spaces of constant sectional curvature, J. Phys. A: Math. Gen. 
31 (1998), 6279-6291. 



12 



Florin Diacu 



[35] A.V. Shchepetilov, Nonintegrability of the two-body problem in constant curva- 
ture spaces, arXiv:math/0601382v3, 2006. 

[36] A.V. Shchepetilov, Calculus and mechanics on two-point homogenous Riemannian 
spaces. Lecture notes in physics, vol. 707, Springer Vcrlag, 2006. 

[37] S. Smale, Mathematical problems for the next century, Mathematics: frontiers 
and perspectives, Amer. Math. Society, Providence, RI, pp. 271-294. 



